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Abstract ١ 

Today Advanced Driver Assistance Systems (ADAS), as a field of ITS, are so ٢ 

important to reduce the number of driver errors and thereby the number of ٣ 

accidents. Time to collision (TTC) is an important time based safety indicator ٤ 

for detecting rear-end conflicts in traffic safety evaluations. TTC, refers to the ٥ 

time remaining before the rear-end accident if the course and speed of vehicles ٦ 

are maintained. TTC, has proven to be an effective measure for discriminating ٧ 

critical from normal behaviors in car-following situations. TTC is also used in ٨ 

Collision Avoidance Systems (CAS), which is an example of ADAS, as a ٩ 

proper warning strategy. A major weakness of the TTC notion is the ١٠ 

assumption of constant velocities during the course of an accident. In this ١١ 

paper we utilize equations of motion to develop a generalized formulation for ١٢ 

TTC by relaxing the assumption of constant velocity, constant acceleration ١٣ 

and so on. This paper also illustrates how this concept can be applied to real ١٤ 

world data, therefore the comprehensive and detailed data gathered in the ١٥ 

NGSIM project on I-80 freeway is used. Then, car following situations are ١٦ 

chosen from this data and for more simplicity, TTC is just calculated based on ١٧ 

the assumption of constant speed, constant acceleration and linear acceleration ١٨ 

for leading&following vehicles. Results indicate that, in the third case (linear ١٩ 

acceleration) the average duration of exposing to critical TTC values is greater ٢٠ 

than the others. So applying TTCs based on the assumption of linear ٢١ 

acceleration in CAS, would decrease driver errors more than other cases. ٢٢ 

Keywords: Generalized formulation, Time to collision, Equations of motion, ٢٣ 

Car-following, safety indicator  ٢٤ 
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INTRODUCTION ١ 

About 20,000 people are killed in urban and intra urban roads in Islamic ٢ 

Republic of Iran. Of these crashes, 20% are reported as rear-end collisions. ٣ 

There are two different approaches in traffic safety evaluations. Traditionally, ٤ 

road safety was expressed by the number of traffic accidents. But there are ٥ 

many reasons that crash census is not a suitable criterion for traffic safety ٦ 

evaluation. First, number of crashes is mostly too small for in-depth analysis. ٧ 

On the other hand, gathering enough crash data needs an almost long period of ٨ 

time (at least three years) during which several external factors might change. ٩ 

Another problem is the effect of reduction to the mean phenomenon, which ١٠ 

may mislead the observer about the impact of a countermeasure in crash ١١ 

reduction, soon after its implementation (Gousious and Garber, 2009). So, ١٢ 

Traffic conflict technique (TCT) as a promising method for evaluating traffic ١٣ 

safety is introduced. Conflicts can be defined as recognizable circumstances in ١٤ 

which two or more vehicles move toward each other in time and space to such ١٥ 

an extent that there is a risk of collision if their movement remains unchanged ١٦ 

(Hyd’en, 1997). The most effective method to measure traffic conflicts is to ١٧ 

use safety indicators. ١٨ 

Also, there are two different approaches to improve traffic safety, which are ١٩ 

called passive and active countermeasures. Passive countermeasures usually ٢٠ 

refer to devices which are designed to reduce the consequence of accidents, ٢١ 

e.g. seat belt, deformable road side equipment and etc. But, along with the ٢٢ 

development of intelligent transportation systems (ITS), the attention is ٢٣ 

turning toward active safety countermeasures, which are developed to reduce ٢٤ 

driver errors and thereby the number of accidents (Lundgren and Tapani, ٢٥ 

2006). One important type of active safety measures is Advanced Driver ٢٦ 

Assistance Systems (ADAS), which is a field of ITS. An example of ADAS, ٢٧ 

for longitudinal support of drivers in car-following situations is Collision ٢٨ 

Avoidance Systems (CAS). The parameters which are generally used to ٢٩ 

activate such systems and specifying longitudinal driving behaviors are safety ٣٠ 

indicators. ٣١ 

Time-to-collision (TTC) is the most well-known time based safety indicator. ٣٢ 

TTC, refers to the time remaining before the rear-end accident if the course ٣٣ 

and speed of vehicles are maintained. TTC, has proven to be an effective ٣٤ 

measure for discriminating critical from normal behaviors in car-following ٣٥ 

situations. TTC’s major shortcoming is the assumption of constant vehicle ٣٦ 

velocities, during collision course. Also TTC indicates, according to Vogel ٣٧ 

(2003), the actual occurrences of dangerous situations and could not capture ٣٨ 
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potentially dangerous situations. Therefore, the enhancement of TTC is ١ 

indispensable. ٢ 

In this paper based on the equations of motion and relaxing the assumption of ٣ 

constant velocities, a generalized formulation for TTC is proposed. Then, the ٤ 

paper illustrates how the concept can be applied to real world data. For this, ٥ 

car-following situations are selected and for more simplicity, TTC is just ٦ 

calculated in three cases, based on the assumption of constant velocities, ٧ 

constant acceleration and linear acceleration. At last, results are compared in ٨ 

different lanes and applying each kind of TTC, in CAS is discussed. ٩ 
 ١٠ 

LITERATURE REVIEW ١١ 

Time to collision, as perceived from its term, refers to the duration of time ١٢ 

before two (or more) objects collide with initial certain conditions. Use of ١٣ 

TTC in the field of transportation started after its introduction by Hayward in ١٤ 

1971 as the time span left before two vehicles collide, if no evasive action is ١٥ 

taken (Hayward, 1971). TTC is a main criterion in traffic conflict techniques ١٦ 

and plays a significant role in car-following processes, specially when ١٧ 

confronted with the questions of when and how a driver accelerates (or ١٨ 

decelerates) (Wang et al., 2008). TTC is a core parameter in designing ١٩ 

collision avoidance systems (Van der horst and Hogema, 1993) which can also ٢٠ 

be used for highway traffic management (Balas and Balas, 2008). ٢١ 

Furthermore, safety evaluation in many cases has been accomplished by ٢٢ 

means of TTC-based surrogate safety measures (Louwerse and S.P., 2005, ٢٣ 

Lundgren and Tapani, 2006, Ozbay et al., 2008). TTC has been considered as ٢٤ 

an effective indicator in evaluating traffic safety in the field of traffic conflict ٢٥ 

studies (Minderhoud and Bovy, 2001, Oh et al., 2006, Vogel, 2003).  ٢٦ 

 Rear-end collisions occur in car-following process. Traffic conflict ٢٧ 

technique with the help of safety indicators are promising tools for traffic ٢٨ 

safety evaluation and detection of risky car-following situations. By now, ٢٩ 

several safety indicators have been developed in scientific literature to assess ٣٠ 

the risk with car-following maneuvers. Time-to-collision (TTC) is the most ٣١ 

well-known indicator, introduced in 1971 by Hayward (1971) and applied in ٣٢ 

different studies for evaluating rear-end collision risk. TTC value at an instant ٣٣ 

t, is defined as the time for two vehicles to collide if they continue at their ٣٤ 

present speed and on the same path. So, the higher a TTC-value, the safer a ٣٥ 

situation is. The time-to-collision for a following vehicle (F) at instant t with ٣٦ 

respect to a leading vehicle L, can be calculated with Equation 1: ٣٧ 
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 where X  denotes the position, X&  denotes the derivative of X  with ٢ 

respect to time or the speed, and Ll  denotes the leading vehicle length, L and ٣ 

F, as an index refer to leading and following vehicles in a car-following ٤ 

process. Note that TTC is only valid when the speed of the following vehicle ٥ 

is higher than leading vehicle. ٦ 

This TTC, is based on the assumption that the following and leading vehicles ٧ 

continue with constant speeds till collision occurrence, so ignoring the actual ٨ 

acceleration or deceleration of both vehicles in this interval. Such an ٩ 

assumption would ignore many potential conflicts due to deceleration and ١٠ 

acceleration discrepancies. So, it is probable that some dangerous events ١١ 

would not be considered in traffic safety evaluations and so safety systems ١٢ 

like CAS, would be insensitive to such situations. ١٣ 

 Ozbay et al. (2008) proposed Table 1 to indicate possible reasonable ١٤ 

situations where potential conflicts might occur that conventional TTC cannot ١٥ 

capture. In Table 1, FX&&  and LX&&  are the time derivatives of X& or the ١٦ 

acceleration of the following and leading vehicles, respectively. Then, based ١٧ 

on the equations of motion and constant acceleration assumption, they ١٨ 

developed a new TTC, named as TTC2 in this paper. ١٩ 
 ٢٠ 

TABLE 1   Possible situations for a Pair of Vehicles in Car-following Process (Ozbay et ٢١ 
al., 2008) ٢٢ 

X&  F LX X>& &
 F LX X≤& &  

X&&  0LX >&&  0LX <&&  0LX =&&  0LX >&&  0LX <&&  0LX =&&  

0FX >&&  P  C  C  P  C  P  

0FX <&&  P  P  P  I  P  I  

0FX =&&  P  C  C  I  C  I  

Note: C=Conflict occurs; P=Possible Conflict; I=Impossible conflict with each other. 
 ٢٣ 

 Determination of whether a conflict would occur, is based on the ٢٤ 

consideration of the trajectory parameters of leading&following vehicles, ٢٥ 

including the relative distance, relative velocity and relative acceleration. So, ٢٦ 

TTC2 would be calculated as equation (2): ٢٧ 

2 21 1
2 2F F L LX t X t D X t X t+ = + +& && & &&   (2)

 
٢٨ 
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where, ١ 

  FX& : Following vehicle speed; ٢ 

  LX& : Leading vehicle speed; ٣ 

  FX&& : Following vehicle acceleration; ٤ 

  LX&& : Leading vehicle acceleration; ٥ 

  D : Inter-vehicle clearance; ٦ 

  t : Time. ٧ 

 Equation 2 can be rewritten as:  ٨ 

21 0
2

Xt Xt D∆ + ∆ − =&& &

 
(3) ٩ 

where, ١٠ 

 ١١ 

  X∆ & : Relative speed, ( F LX X−& & ); ١٢ 

  X∆ && : Relative acceleration, ( F LX X−&& && ); ١٣ 

TTC2 is the real and non-negative solution of Equation 3, which are presented ١٤ 

below. Figure 1, illustrates an algorithm to choose TTC2, from t1 and t2. ١٥ 

 ١٦ 
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١٧ 

 ١٨ 
FIGURE 1 Algorithm of selecting TTC2 from t1 and t2 ١٩ 

 ٢٠ 
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Minderhoud and Bovy (2001), derived TET* as a new safety measure, which ١ 

stands for Time Exposed Time-to-Collision. TET*, is the duration of ٢ 

exposition to safety-critical time-to-collision values over specified time ٣ 

duration H. It is the summation of all moments (over the considered time ٤ 

period) that a driver approaches a front vehicle with a TTC-value below the ٥ 

threshold value TTC*. TTC*, is the boundary between safe and unsafe car-٦ 

following situations. Different values are reported as TTC* in literature. Hirst ٧ 

and Graham (1997) reported that a TTC measure of 4 second could be used to ٨ 

discriminate between cases where drivers unintentionally find themselves in a ٩ 

dangerous situation from cases where remain in control. The study further, ١٠ 

describes a laboratory experiment of the design of a Collision Warning ١١ 

System. The results show that a TTC warning criterion of 4 or 5 s results in ١٢ 

too many false alarms. The study shows that a TTC-value of 3 s produced the ١٣ 

least number of alarms although in some cases critical situations were ١٤ 

observed. Hogema and Janssen (1996) studied the driver behavior at an ١٥ 

approach of a queue for non-supported and supported drivers in a driving ١٦ 

simulator experiment. They found a minimum TTC value of 3.5 s for the non-١٧ 

supported drivers, and 2.6 s for supported drivers. The 2.6 s value is regarded ١٨ 

as a safety concern. VanDerHorst (1990) reports even lower critical TTC ١٩ 

values, based on approaches at intersections. So, there is no definite value as ٢٠ 

TTC* for different drivers in different car-following situations. ٢١ 

To calculate TET* indicator, trajectory of all vehicles entering and leaving a ٢٢ 

specified road section, over time period of H, must be established. From these ٢٣ 

trajectories, TTC diagram over the specified time period H, would be drawn ٢٤ 

like figure 2. Since data mostly is collected in discrete time, the TTC values ٢٥ 

will also be determined at discrete time moments (time intervals as SCτ ). For ٢٦ 

calculation purposes, it is assumed that the measured TTC-values, at an instant ٢٧ 

t, would not change, during a small time interval SCτ  (e.g. 0.1 s). For the ٢٨ 

considered time period H, so there are 
SC

HT τ=  time instants t, taken into ٢٩ 

account in the calculation (t=0 … T).  ٣٠ 

So from figure 2, it can be concluded that the TET* indicator for a subject ٣١ 

vehicle as i, can be calculated by: ٣٢ 

*

0
( ).

T

i
t

TET tδ τ
=

= ∑
   

(4) ٣٣ 

*1, 0 ( )
( )

0, . .
i

i
TTC t TTC

t
o w

δ
 ≤ ≤

= 


 ٣٤ 



8 
 

 

In which δ  is a switching variable. Its value is 1, when in an instant of car-١ 

following TTC-value is between 0 and the critical threshold TTC*, and 0 in ٢ 

other cases.  ٣ 

In figure 2, at instant t=0, the driver approaches a slower driving vehicle, so ٤ 

TTC-values decreases with time. Then driver decides to make a lane-change at ٥ 

t1 moment. Now driver is confronted with a new leader at a smaller gap ٦ 

distance. The TTC-values are now smaller and below TTC*. The driver adapts ٧ 

his speed to increase the gap distance and reduce the speed differential. ٨ 

Between t2 and t3  there is no positive TTC value. The lead vehicle is thus ٩ 

driving with a higher speed. At t3, the subject approaches another lead vehicle. ١٠ 

And this process would be continued in car-following situation and TTC ١١ 

switch from negative to positive values to maintain a minimum desired gap ١٢ 

distance (Minderhoud and Bovy 2001). To calculate TET*, the duration of ١٣ 

time with TTC values less than TTC*must be calculated. So in figure 2, T1  ١٤ 

plus T2, is TET*. ١٥ 

Minderhoud and Bovy (2001) also proposed an indicator based on TET*, to ١٦ 

calculate the percentage of time that, a random driver drives with TTC-values ١٧ 

below the threshold TTC*. This indicator is calculated by Equation 5.  ١٨ 
*

* 100.TETTETP
H

=   (5)
 

١٩ 

 ٢٠ 
FIGURE 2 Time extended time to collision concept (Minderhoud and Bovy, 2001) ٢١ 

 ٢٢ 

A GENERALIZED FORMULATION FOR TTC ٢٣ 

In Equation 3 proposed by Ozbay et al., it is assumed that the leading and ٢٤ 

following vehicles acceleration is constant (Ozbay et al., 2008), so ignoring ٢٥ 

2t 3t 4t 5t 6t

TTC*

TTC

1 2TET T T= +

1T 2T

1t

TimeTime period H

TTC*

*
1 2TET T T= +
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their fluctuations. Four impossible scenarios shown in Table 1 are also based ١ 

on this assumption (constant acceleration for both leading and following ٢ 

vehicles). However, conflicts may occur in these (impossible) scenarios, if ٣ 

jerk-value (acceleration time derivative ) for following vehicle is more than ٤ 

that of the leading vehicle. For instance, assume that F LX X≤& & , 0LX >&&
 and٥ 

0FX <&& , occurrence of rear-end collision is impossible. But in this scenario, ٦ 

there is a possibility of rear-end collision if considering acceleration ٧ 

fluctuations for both vehicles. Thus, TTC3 (with assumption of linear ٨ 

acceleration (or Constant jerk) for both vehicles during collision course) ٩ 

unlike TTC2 proposed by Ozbay et al. can capture some potential risky ١٠ 

situations. ١١ 

 Equation 6 is the necessary and sufficient condition for rear-end ١٢ 

collision: ١٣ 

0F L LX X l− + = ⇔ rear-end collision  (6) ١٤ 

 where all variables have already been defined. ١٥ 

 If current location of assumed leading and following vehicles are 0LX١٦ 

and 0FX , respectively, and with assumption of constant speed (acceleration or ١٧ 

jerk), it is possible to compute the new location of a pair of vehicles ( LX  and١٨ 

FX ) in subsequent t seconds using equations of motion. Then, by placing LX  ١٩ 

and FX in Equation 6, TTC is achievable as the moment when front of the ٢٠ 

following vehicle collides with the back of the leading one. Table 2 illustrates ٢١ 

the equations, whose solution leads to different TTCs based on the assumption ٢٢ 

of constant speed (TTC1), constant acceleration (TTC2) and linear acceleration ٢٣ 

(TTC3) for both leading and following vehicles during the collision course. As ٢٤ 

shown in Table 2, TTC1, TTC2 and TTC3 can be obtained from linear, ٢٥ 

quadratic and cubic polynomial equation, respectively.   ٢٦ 
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TABLE 2   Description of three Different Cases for TTCs Calculation ١ 
TTC type  assumptions Equations 

TTC1  .

.

0

L

F

L F

X cte
X cte
X X

=

=

= =

&

&

&& &&
 

0

0

F F F

L L L

X X X t
X X X t

= +

= +

&

&
 

( ) ( ) 0F L L F LX X TTC X X l− − − − =& &  

TTC2  .

.

0

L

F

L F

X cte
X cte
X X

=

=

= =

&&

&&

&&& &&&  

2
0

2
0

1
2
1
2

F F F F

L L L L

X X X t X t

X X X t X t

= + +

= + +

& &&

& &&  

21 ( ) ( ) ( ) 0
2 F L F L L F LX X TTC X X TTC X X l− + − − − − =&& && & &  

TTC3  .

.
L

F

X cte
X cte

=

=

&&&

&&&  

2 3
0

2 3
0

1 1
2 6
1 1
2 6

F F F F F

L L L L L

X X X t X t X t

X X X t X t X t

= + + +

= + + +

& && &&&

& && &&&  

3 21 1( ) ( )
6 2
( ) ( ) 0

F L F L

F L L F L

X X TTC X X TTC

X X TTC X X l

− + −

+ − − − − =

&&& &&& && &&

& &
 

 ٢ 
 Three cases of Table 2 eventuate to developing the generalized ٣ 

formulation for TTC. At first, location of leading and following vehicles after ٤ 

t seconds, for calculation of TTCk with the assumption of (k-1)th derivative of ٥ 

speed being constant, can be computed as follows:  ٦ 

0
1

0
1

1
!

1, 2,3,...
1
!

nk
nF

F F n
n

nk
nL

L L n
n

XX X t
n t

k
XX X t

n t

=

=

  ∂
= + × ×  ∂   =

 ∂ = + × ×  ∂ 

∑

∑
 ٧ 

 where, 
n

n

X
t

∂
∂

is the nth derivative of X , for instance 
3

3
F

F
X X
t

∂
=

∂
&&& . ٨ 

Replacing LX  and FX into Equation 6 results in kth degree polynomial ٩ 

Equation 7 whose solution is TTCk: ١٠ 

0 0
1

1 0 (7 )
!

n nk
nF L

F L L n n
n

X XX X L t
n t t=

  ∂ ∂
− + + × − × =  ∂ ∂  

∑  ١١ 
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 TTCk is the minimum, non-zero and real (non-complex) solution of (for ١ 

t) Equation 7. ٢ 

With solution of Equation 7, the t would be reported as TTCk. This Equation ٣ 

can consider different instantaneous characteristics (speed, acceleration, jerk ٤ 

and so on) of the leading and following vehicles and is hence a generalized ٥ 

form of earlier TTC defined by Equation 3. ٦ 

 Definition of TTC like TTC1 proposed by Hayward (1971) and TTC2 ٧ 

proposed by Ozbay et al. (Ozbay et al., 2008) are special cases of Equation 7, ٨ 

for k=1 and k=2, respectively. Although, TTC1 is in many cases more useful ٩ 

and simpler than others, but Equation 7 can be valuable in unstable car ١٠ 

following situations and can also theoretically fills the literature gap.  ١١ 
 ١٢ 

DATA COLLECTION AND RESPECTIVE CALCULATIONS ١٣ 

The aim of this section is to illustrate the applicability of the proposed concept ١٤ 

to real world data and to present some comparative analysis. So first the data ١٥ 

collection process is described and then there is a description of other ١٦ 

calculations. ١٧ 

 The data used to calculate each TTC, are part of a comprehensive ١٨ 

dataset obtained from Next Generation Simulation (NGSIM) website ١٩ 

(NGSIM, June 5, 2009). NGSIM is a Federal Highway Administration ٢٠ 

(FHWA) supported project with a goal of developing a core of open ٢١ 

behavioral algorithms mainly in support of microscopic traffic simulation. ٢٢ 

Datasets prepared in this project can be used for validation and verification of ٢٣ 

traffic models within traffic engineering community. NGSIM data are very ٢٤ 

detailed, openly distributed, and freely available for use in transportation and ٢٥ 

traffic research. These data are of extreme value for calculation of each TTC ٢٦ 

in this research. The NGSIM project maintains some data sets from freeways ٢٧ 

and arterials gathered using high resolution cameras that are able to record ٢٨ 

vehicle position every 0.1 second. Vehicle trajectory data collected in the ٢٩ 

afternoon peak hour on Wednesday April 13, 2005 from 4:00 pm to 4:15 pm ٣٠ 

on a segment of Interstate 80 in Emeryville, San Francisco is used in this ٣١ 

research (Figure 3).  ٣٢ 

 There are three types of vehicles in this freeway (motorcycles, ٣٣ 

passenger cars, and heavy vehicles) which has six lanes. Where, Lane 1 is the ٣٤ 

left-most lane, and an HOV lane. Also, as seen in Figure 3, lanes 5 and 6 ٣٥ 

being the right-most lanes influenced by an on-ramp and an off-ramp. ٣٦ 

In order to use these trajectory data for the proposed analysis, appropriate ٣٧ 

pairs of adjacent cars must be selected. Three selection criteria were used: ٣٨ 
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• Both leading and following vehicles are passenger cars. ١ 

• The two cars had to be adjacent during the whole period that they were ٢ 

both observed through the 1600 ft study segment, e.g. none of the ٣ 

vehicles changes its lane in this segment and no third vehicle places ٤ 

between the two vehicles. ٥ 

• The period during which both cars were observed should have a length ٦ 

of at least 30 s (at least 300 observations). ٧ 

Of the above mentioned condition, 491 car following time series are ٨ 

achieved. Numbers of car-following process are 67, 193, 75, 71, 45 and 40 for ٩ 

lane 1 from 6, respectively. ١٠ 

Smoothing of vehicle's longitudinal Coordinate as a solution to the problem of ١١ 

discontinuity in Coordinates of the NGSIM data, is done by the technique of ١٢ 

Kernel moving average (Thiemann et al., 2008). Kernel smoothing is a ١٣ 

powerful smoothing algorithm which belongs to the class of weighted moving ١٤ 

averages. All points in the time-series are weighted using the computations of ١٥ 

kernel function. Every kernel function has several properties: All kernel ١٦ 

values are positive or zero, the kernel functions are normally symmetric, ١٧ 

Kernel function values decrease to zero from a central (maximum) value. ١٨ 

After smoothing the data, speed, acceleration and jerk of vehicles are obtained ١٩ 

from smoothed variation of vehicle's longitudinal coordinate. ٢٠ 

 ٢١ 
FIGURE 3 Interstate-80 Six-lane Section under Study and Its Characteristics ٢٢ 

 ٢٣ 

 TTC1, TTC2 and TTC3 are then calculated for each instant of car-٢٤ 

following process employing the equations of motion presented in previous ٢٥ 

section, in equation 10, for k=1,2 and 3. It should be noted that for the ٢٦ 

calculation of TTCk designed for k>1, the speed of leading and following ٢٧ 

vehicles never could be negative, so in equations of motion when speed ٢٨ 

1

2

3

4

5

6

500 meters

Traffic Direction

(HOV Lane)

EB I-80

N
G

SIM
 Study A

rea as C
ase Study 



13 
 

 

reaches to zero the calculation must be finished and thereafter all ١ 

instantaneous dynamic characteristics such as speed, acceleration, jerk and so ٢ 

on set to zero. ٣ 

As mentioned in literature review, because drivers’ behavior is not constant in ٤ 

different situations, there is no definite value as TTC threshold (TTC*) to ٥ 

discriminate between safe and unsafe car-following situations. So, in this ٦ 

paper a wide range of values from 0.5 to 10 seconds with 0.5 second intervals ٧ 

are selected as TTC*. TET*s are calculated based on this range of TTC* for ٨ 

TTC1 , TTC2 and TTC3. Thereafter, TETP* is determined and averaged per ٩ 

lane. ١٠ 

Since there is not any definite value as TTC* for a fixed TTC (e.g TTC1) in all ١١ 

situations, computing TET* with a wide range of TTC* values, helps in ١٢ 

comparative analysis and reduce bias, in comparison to the condition of ١٣ 

applying just a fixed TTC* in all cases. So as a conclusion, this process helps ١٤ 

to find the most appropriate TTC*, which would be useful for further ١٥ 

applications in CAS, and also traffic safety evaluations based on the notion of ١٦ 

generalized TTC. ١٧ 
 ١٨ 
RESULTS AND DISCUSSION ١٩ 

Based on three safety indicators TTC1 , TTC2 , TTC3 and different TTC* ٢٠ 

values, TET* and then TETP* are computed for each car- following situation. ٢١ 

So now, for each car-following process, the duration of the time, one drives ٢٢ 

below the critical value of TTC (TTC*) is determined and the percent of time ٢٣ 

driving in dangerous condition is calculated (TETP*)  ٢٤ 

For comparative analysis, the box plot of TETP* for TTC1 (TETP*
1), TTC2 ٢٥ 

(TETP*
2) and TTC3 (TETP*

3) for all car-following processes in the freeway is ٢٦ 

shown in figure 4. In these plots: the tops and bottoms of each "box" are the ٢٧ 

25th and 75th percentiles of the samples, respectively. The distances between ٢٨ 

the tops and bottoms are the interquartile ranges. The line in the middle of ٢٩ 

each box is the sample median. If the median is not centered in the box, it ٣٠ 

shows sample skewness. The whiskers are lines extending above and below ٣١ 

each box. Whiskers are drawn from the ends of the interquartile ranges to the ٣٢ 

furthest observations within the whisker length (the adjacent values). ٣٣ 

Observations beyond the whisker length are marked as outliers. By default, an ٣٤ 

outlier is a value that is more than 1.5 times the interquartile range away from ٣٥ 

the top or bottom of the box, but this value can be adjusted with additional ٣٦ 

input arguments. Outliers are displayed with a red + sign. ٣٧ 
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Box plots indicate the range of percent of car-following situations, which are ١ 

dangerous based on the value of TTC*s. But these plots would not show the ٢ 

overall safety condition of freeway. So in figure 5, the mean values for box ٣ 

plots of figure 4, which are the mean values of TETP* for TTC1, TTC2 and ٤ 

TTC3  is shown. For a wide range of TTC*s, TTC capability in detecting ٥ 

safety-critical situations increases from TTC1 to TTC3. It seems initially that ٦ 

TTC3 is the most appropriate indicator in safety evaluation analysis because of ٧ 

more detection of rear-end conflicts as shown in Figure 5. But, it should be ٨ 

considered that for a random car-following situation in a freeway, following in ٩ 

constant velocity is more probable than constant acceleration and constant ١٠ 

acceleration following would be more probable than constant jerk. Figure 7 ١١ 

indicate this claim well. These diagrams show velocity, acceleration and jerk ١٢ 

variations for a random car-following situation for a duration of about 10 ١٣ 

seconds. As diagrams show, it is more probable that velocity remain constant ١٤ 

than other parameters. So although values of average duration of exposition to ١٥ 

safety-critical time-to-collision for TTC2 and TTC3 are greater than values ١٦ 

computed based on TTC1, but on the other hand it should be considered that, ١٧ 

acceleration and jerk might change soon in few seconds later, so the TTC2 and ١٨ 

TTC3 are not trustworthy in a relatively high critical threshold and so are ١٩ 

TETP*s. Figure 6, relates to comparative analysis of safety in different lanes ٢٠ 

of the freeway, based on TTC1, TTC2 and TTC3. ٢١ 
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١ 

٢ 

 ٣ 
FIGURE 4 Box Plot of TETP*s as a Function of the Critical Threshold for: TETP1* (upper ٤ 

left); TETP2* (upper right); TETP3* (bottom) ٥ 
 ٦ 
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 ١ 
FIGURE 5 Variations of TETP*'s Mean as a Function of the Critical Threshold ٢ 

 ٣ 

 ٤ 
 ٥ 

 ٦ 
FIGURE 6 TETP* based on 6 Lanes as a Function of the Critical Threshold for: TETP1* ٧ 

(upper left); TETP2* (upper right); TETP3* (bottom); ٨ 
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 ١ 
FIGURE 7 Random Car-following Situation for 10 Seconds ٢ 

 ٣ 
According to Figure 6, lane-based comparative analysis with TTC1 is more ٤ 

straightforward than others. So, multiple t-test on means of TETP*s (TETP*1, ٥ 

TETP*2 and TETP*3) for each lanes with three thresholds 2, 3 and 4 seconds ٦ 

and with a significance level of 0.05 is used in order to test whether there is a ٧ 

statistical difference between safety of any two of the six lanes at each ٨ 

threshold level. The results of groups pairs with statistically significant ٩ 

difference are presented only for those cases that statistically significant in ١٠ 

Table 3 (TETP*1) and Table 4(TETP*2 and TETP*3) with the sign of the ١١ 

difference. As shown in Table 3 and 4, for any critical threshold level, safety ١٢ 

of lane 1 based on TETP*1 are significantly different from others. Mean ١٣ 

TETP*1 of lane 1 is significantly smaller than the means for the other five ١٤ 

lanes of freeway at almost all critical threshold except for the critical threshold ١٥ 

equal to 2 at which mean TETP*1 of lane 1 and lane 2 is not different ١٦ 

significantly. For TETP*2, mean TETP*2 of lane 1 are smaller than others for ١٧ 

thresholds equal to 3 and 4, but the same was not observed for TETP*3 at any ١٨ 

thresholds. According to this result based on the analysis of the means of the ١٩ 

TETP*, we conclude that: Among safety indicator, one is good if show ٢٠ 

distinction between alternatives. So, as shown in Table 4, TTC1 is more ٢١ 

suitable than TTC2 and TTC3 for distinguishing which lane is safer than ٢٢ 

others.  ٢٣ 

5520 5540 5560 5580 5600 5620 5640
20

40

60

S
pe

ed
 (f

ps
)

5520 5540 5560 5580 5600 5620 5640
-20

0

20

A
cc

el
er

at
io

n 
(fp

s2
)

5520 5540 5560 5580 5600 5620 5640
-200

0

200

Je
rk

 (f
ps

3)

frame ID (fps2)



18 
 

 

TABLE 3 T-test Results of Difference in Lanes Safety based on TETP*1 ١ 
 Case 1 Case 2 Case 1 minus Case 2 

Threshold = 
2 sec 

Lane 1 Lane 2 - 
Lane 4 - 
Lane 5 - 
Lane 6 - 

Lane 3 Lane 4 - 
Threshold = 

3 sec 
Lane 1 Lane 2 - 

Lane 3 - 
Lane 4 - 
Lane 5 - 
Lane 6 - 

Lane 3 Lane 2 - 
Lane 4 - 

Threshold = 
4 sec 

Lane 1 Lane 2 - 

Lane 3 - 
Lane 4 - 
Lane 5 - 
Lane 6 - 

Lane 3 Lane 2 - 
Lane 4 - 

 ٢ 
  ٣ 
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TABLE 4 T-test Results of Difference in Lanes Safety based on TETP*2 and TETP*3 ١ 
TETP*  Case 1 Case 2 Case 1 minus Case 

2 
TETP2* Threshold = 2 sec Lane 1 Lane 2 - 

Threshold = 3 sec Lane 1 Lane 2 - 
Lane 3 - 
Lane 4 - 
Lane 5 - 
Lane 6 - 

Lane 3 Lane 4 - 
Threshold = 4 sec Lane 1 Lane 2 - 

Lane 3 - 
Lane 4 - 
Lane 5 - 
Lane 6 - 

Lane 3 Lane 4 - 
TETP3* Threshold = 3 sec Lane 1 Lane 4 - 

 ٢ 

In reality, any instantaneous dynamic of vehicles such as speed, acceleration ٣ 

and even jerk do not discretely vary, and therefore the variations of these ٤ 

characteristics are continuous over time. This claim is more perceived with ٥ 

more detailed data. It should also be mentioned that in a balanced car-٦ 

following process specially for high-speed freeways there is a little change in ٧ 

accelerations, so this case may appear non-practical. But on the other hand, ٨ 

there are some risky traffic flow situations that conventional TTC cannot ٩ 

capture them. Furthermore, there is a need for a generalized formulation ١٠ 

which fills the gap in the literature and provides the theoretical background ١١ 

and formulation necessary when detailed and precise estimation and ١٢ 

prediction of reality is in mind. It should be noted that for a normal car-١٣ 

following situation and also normal driver behavior, it is not practical to ١٤ 

compute TTC in situations with jerk variations, which leads to computational ١٥ 

complexity and needs detailed data. So, it is just reasonable to consider ١٦ 

acceleration variations for TTC computation. ١٧ 
 ١٨ 

CONCLUSION ١٩ 

This paper filling the gap in the literature by proposing the robust framework ٢٠ 

and presenting the generalized formulation for TTC using equations of motion ٢١ 

which can be employed depending on data availability and precision in mind. ٢٢ 

In the conventional definition of TTC, speed of the two vehicles is considered ٢٣ 

constant, restricting it to special, limited and simple cases. This paper ٢٤ 

proposes a generalized formulation for TTC using equations of motion which ٢٥ 
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can be employed depending on data availability and precision in mind. In this ١ 

formulation inspired by the work of Hayward and Ozbay et al., the ٢ 

acceleration (and also its time derivatives ) can be considered variable, leading ٣ 

to non-linear speed (acceleration and also jerk). Equation of motion was used ٤ 

as the basis for developing the more general formulation in the form of ٥ 

mathematical equations. For the applicability of the proposed concept to real ٦ 

world data, comprehensive and detailed data gathered in the NGSIM project ٧ 

on I-80 freeway is used. TTC is computed for each car-following process per ٨ 

lane in three cases, with the assumption of constant speed, constant ٩ 

acceleration and linear acceleration for leading and following vehicles during ١٠ 

the collision course, respectively. As drivers’ behavior is not constant in ١١ 

different situations, there is no definite value for TTC threshold (TTC*) to ١٢ 

discriminate between safe and unsafe car-following situations. So, in this ١٣ 

paper a wide range of values from 0.5 to 10 seconds are selected as TTC*. ١٤ 

Then, the average time duration of exposition to safety-critical TTC values in ١٥ 

each case is determined. Results indicate that, average time spent to safety-١٦ 

critical in the third case (linear acceleration) is greater than others. ١٧ 

In all, applying TTC3 in Collision Avoidance Systems (CAS), would increase ١٨ 

the precision of the system because most of the dangerous car-following ١٩ 

instants would be detected. But on the other hand, because of acceleration ٢٠ 

variability in car-following situations and so many probable false alarms, the ٢١ 

CAS reliability might decrease in comparison to the condition in which TTC1 ٢٢ 

is applied as the safety indicator. Also in traffic safety evaluations, TTC3 (and ٢٣ 

so other time derivatives of the generalized formulation), show the safety ٢٤ 

status of car-following situations, more critical than the conditions in which ٢٥ 

TTC1 and TTC2 are applied. So TTC3 (and other time derivatives of the ٢٦ 

generalized formulation), evaluates freeway safety from a meticulous point of ٢٧ 

view whereas TTC1 accept a level of risk in safety evaluations. As a ٢٨ 

conclusion, for detailed and precise estimation and prediction of reality TTC3 ٢٩ 

(and other time derivatives of the generalized formulation) is more suitable ٣٠ 

than other TTCs.  ٣١ 

Assessment of instantaneous safety condition for two vehicles, one following ٣٢ 

another from viewpoint of TTC and comparisons between TTC1, TTC2 and in ٣٣ 

particular TTC3 for rear-end conflict detection is recommended for further ٣٤ 

research. ٣٥ 
  ٣٦ 
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